INTRODUCTION
Finite difference solution of the wave equation will produce excellent results when the numerical procedure employs time increments and spatial discretization resulting in a Courant number of 1 for all elements. This ideal situation is difficult to achieve with reasonable mesh density when the modeling requires: 1) non-uniform grid discretization, 2) different materials or 3) more than one spatial dimension.
The development of a spectral finite element for solution of the wave equation is presented. Dispersive errors are quantified and compared to dispersive errors in finite difference models as a function of mesh density. Examples highlight the application of the developed spectral elements to multi-material systems with non-uniform mesh discretization.
DERIVATION OF THE FINITE ELEMENT EQUATIONS
The development of the spectral finite element equations is detailed. For a one dimensional member with constant geometry and material properties the governing equation is a hyperbolic partial differential equation. For u(x, t) and a wave velocity of c:
On a finite interval the residual of equation (1) with an approximate solution is not necessarily equal to zero. The residual is multiplied by a weighting function, q, and the integral of the product is required to be zero. f q{62U _c 2 6 2 U}dX = 0
By limiting the weighting function q to only those functions which are zero at the extrema of the element, and integrating by parts:
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The interpolant of u(~) for an element is written as:
i=O where the Ui are the solution values at the collocation points. The hi are Lagrangian interpolants which are zero outside the element, within the element satisfy hj(~j) = ()ij and are expressed as:
where Cn = 1 for ° < n < N, Cn = 2 for n = 0, N and Tn are the Chebyshev polynomials defined as Tn(x) = cos(n cos-1(x».
The element's mass and stiffness matrices are obtained through integration of equation (3). A Galerkin form is used in which the weighting function q is the element shape functions hi. Meij and Keij are the ith row and jth column components of the element's mass and stiffness matrices. The matrices are symmetric.
Following Zienkiewicz [2], the temporal finite element formulation assumes a form:
with a and f3 as weighting functions in the temporal integration. Mg and Kg are the system's global mass and stiffness matrices and u is a column matrix of the unknown nodal displacements. The choice of a and f3 govern the recurrence scheme employed. Forward marching solutions are based on solutions at the two previous time steps, t and t-ilt, permitting evaluation at the future time step, Hilt.
The temporal weighting functions are chosen as f3=0 and a=1I2 which results in the central difference approach. This simplification places stability limits on the maximum permissible time increment ilt. Equation (10) simplifies to:
The mass matrix, Mg, is populated by terms from equation (8). To avoid the cost associated with using an inverted (fully populated) consistent mass matrix to solve for u in equation (11), a method henceforth called row summing is employed. In row summing all masses on a given row in the mass matrix are added to that row's diagonal term. All non-
